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Abstract
The absolute neutrino masses are obtained in terms of the atmospheric and solar mass-squared differences within the
framework of low energy phenomenology by suggestion of an analogy between the hierarchies of the neutrino and charged
lepton mass ratios. It points to a nearly degenerate three neutrino mass pattern with the neutrino mass scale mν ∼=
m2atm/
√
(2
√
2m2sol) likely located in the range 0.1–0.3 eV, and the best-fit value mν ∼= 0.18–0.20 eV. Restrictions on the
neutrino mass scale from the WMAP data are considered.
 2003 Elsevier B.V. Open access under CC BY license.1. Introduction
The known sharp contrast between the neutrinos
and charged leptons (CL) is the very large difference
of their mass scales. The CL masses me, mµ and mτ
are well known [1]. Two large mass ratios and a large
hierarchy of these mass ratios characterize the mass
pattern of the CL:
mµ/me 1, mτ /mµ 1,
(1)(mτ /mµ)2 ∼= (mµ/me)
√
2.
The discovery of the finite neutrino masses in the
neutrino oscillation experiments [2–4] does raise the
question: what is the neutrino mass pattern and what
relation is there between the two mass patterns if any?
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Open access under CC BY license.This problem is widely discussed [5] in the contexts
of different basic extensions of the SM with higher
mass and energy scales. There is no definite answer
to this question since the exact absolute values of
the neutrino masses are unknown as yet, while the
neutrino oscillation data give only neutrino mass-
squared differences.
In this Letter, an attempt is made to answer the
above question in the framework of low energy phe-
nomenology guided by the neutrino oscillation data
against the background of a virtual broken lepton mass
eigenstate symmetry (flavor problem). In spite of the
disparity of the mass scales, an analogy between the
neutrino and CL mass ratio hierarchies is suggested
and described by an extension of the condition (1),
taking into consideration the factual violation of the
lepton mass state symmetry. This analogy relates the
three absolute neutrino masses to the two oscillation
mass-squared differences.
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By definition, the sequence of the lepton masses
(CL or neutrinos) let be
(2)m1 <m2 <m3.
In view of two basic experimental facts—the CL
mass ratio hierarchy in (1) and the hierarchy of the
atmospheric and solar neutrino mass-squared differen-
ces—we suggest an approximate unifying nonlinear
relation of the lepton mass ratios x2 ≡ m3/m2 and
x1 ≡m2/m1 at a common low scale,
(3)(x2 − 1)2 ∼= (x1 − 1)
√
2,
to be accurate to within a few percent. If supported by
data, relation (3) hints at a nonlinear generic feature of
the seemingly opposite mass patterns of the neutrinos
and CL.
The dimensionless quantities (xn − 1), n = 1,2,
are the basic physical quantities here. They should
have a deeper physical meaning than the mass ratios
themselves. These quantities measure the deviations
from the mass eigenvalue degeneracy, and so they
estimate the virtual violation of the lepton mass
eigenstate symmetry.
Eq. (3) for the lepton mass ratios has two dual
extreme solutions with respectively very large and
very small violations of the lepton mass symmetry:
(1) A solution with large mass ratios: x1  1, x2  1,
x1  x2. Relation (3) shows that if one mass ratio
x2 is large, the other one x1 must be much larger.
It is appropriate for the CL with x1 =mµ/me and
x2 = mτ/mµ, see (1), and can be represented in
an exponential form
mµ/me ∼=
√
2 expχ,
(1′)mτ/mµ ∼=
√
2 expχ/2, χ  1,
with one unknown parameter χ . In this solution,
the violation of the mass (lepton flavor) symmetry
is a large effect, χ ∼= 5, mµ/me ∼=
√
2 exp 5,
mτ/mµ ∼=
√
2 exp 5/2 to within a few percent [1].
(2) A solution with near to unity mass ratios: x1 ∼= 1,
x2 ∼= 1, (x1 − 1)  (x2 − 1), a hidden mass
hierarchy. Relation (3) shows that if one mass ratio
x2 is close to unity, the other one x1 must be
much closer to unity. The violation of the leptonmass symmetry is a small effect here. This other
type of solution for the lepton mass ratios can be
appropriate only for the neutrinos with a nearly
degenerate mass pattern [6],
(m2/m1)∼= 1, (m3/m2)∼= 1,
(4)[(m3/m2)− 1
]2 ∼= [(m2/m1)− 1
]√
2.
It is a probable solution for the neutrinos. With
two equations for the atmospheric and solar mass-
squared differences and the Eq. (4), there is a full
set of three equations for three unknown absolute
neutrino masses.
With the definition of the neutrino mass sequence
(2), two different cases (A) and (B) are possible for
the neutrino solution. Case (A) is as stated in (4). In
the other case (B) the ratios (m3/m2) and (m2/m1)
are interchanged. All estimations below are presented
in case (A). They remain intact in case (B).
The neutrino solution (4) can be represented in an
exponential form
(5)
m3/m2 ∼= exp
(√
2g2
)
, m2/m1 ∼= exp
(√
2g4
)
.
It contains only one unknown real dimensionless pa-
rameter g in the exponents, bound by the consistency
condition
(6)g2  1.
The relation between the exponents of the two mass
ratios in the neutrino solution (5) reflects the nonlin-
earity feature of Eq. (3), unlike the CL solution (1′).
With solution (5), the atmospheric and solar neu-
trino mass-squared differences are given by
(7)m2atm =m22 ≡
(
m23 −m22
)∼= 2
√
2g2m22,
(8)m2sol =m21 ≡
(
m22 −m21
)∼= 2
√
2g4m21.
As a result, it follows
(9)m22 m2atm, m21 m2sol,
(10)m2atm/m2sol ∼=
(
m22/m
2
1
)(
1/g2
)
.
Since (m22/m
2
1)
∼= 1, relation (10) is simplified
(11)m2atm/m2sol ∼= 1/g2.
It should be noted, that large ratio of the atmos-
pheric and solar mass-squared differences, m2atm/
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lation experiments [2–4]. With (11), this experimental
result renders strong evidence in favor of the condition
(6) above, and therefore it supports the nearly degen-
erate neutrino mass ratio pattern (5) and (6).
The absolute neutrino masses follow from (7), (8)
and (11):
(12)
m2 ∼=
√(
m2atm/g
22
√
2
)∼=m2atm
/√(
2
√
2m2sol
)
,
(13)m3 ∼=m2 +m2atm/2m2,
(14)m1 ∼=m2 −m2sol/2m2.
The neutrino mass scale is determined here only by
two of the neutrino oscillation data:m2atm andm2sol.
Relation (12) can be rewritten in another form
(12′)(m2atm/m2ν
)2 ∼= 2
√
2
(
m2sol/m
2
ν
)
,
where mν ∼= m2 is the mass scale of the quasi-
degenerate neutrinos. The hierarchy of the dimension-
less-made mass squared differences for quasi-degene-
rate neutrinos in (12′) is analogous to the hierarchy of
the CL mass squared ratios.
In fact, the statement (12)–(14) for the absolute
neutrino masses is a motivated by analogy eigenvalue
ansatz for the neutrino mass matrix, to be probed with
accurate neutrino mass and oscillation data.
With the best-fit value of the atmospheric neutrino
oscillation mass-squared difference [2,7],
(15)m2atm ∼= 2.5× 10−3 eV2,
and the best-fit one for the favored LMA MSW solar
neutrino oscillation solution [4,8],
(16)m2sol ∼= 5.5× 10−5 eV2,
the ratio in (11) is given by
(17)m2atm/m2sol ∼= 45, g2 ∼= 1/45.
With another estimation of the best-fit solar neutrino
mass-squared difference [9],
(18)m2sol ∼= 7× 10−5 eV2,
the ratio in (11) is
(19)m2atm/m2sol ∼= 36, g2 ∼= 1/36.The inputs (15) and (16) lead to the estimation of the
neutrino mass scale (12),
(20)m2 ∼= 0.20 eV.
With (15) and (18), the estimation of this scale is
(21)m2 ∼= 0.18 eV.
With the solar input (18) and the allowed 3σ
range from a global analysis [7,9] of the atmospheric
neutrino data, instead of (15),
(22)1.2× 10−3 eV2 <m2atm < 4.8× 10−3 eV2,
the estimation for the neutrino mass scale is given by
(23)0.09 eV <m2 < 0.34 eV.
Though the neutrino mass estimations above are
dependent on the exact data values of both the at-
mospheric and solar neutrino mass-squared differ-
ences, they are much more sensitive to the atmospheric
data than to the solar ones.
In the discussion above, the dimensionless pa-
rameter g2 plays a crucial role. It determines the
neutrino mass ratios (5) and the ratio of the at-
mospheric neutrino and solar neutrino mass-squared
differences (11). As a coincidence, the estimated in
(19) value of g2 is close to the semiweak coupling con-
stant squared g2 ∼= g2W/4π = GFm2W
√
2/π ∼= 0.034,
m2atm/m
2
sol
∼= 30, mν ∼= 3.26
√
m2atm; with the in-
put m2atm = (2.5–3) × 10−3 eV2, it follows mν ∼=
(0.16–0.18) eV and m2sol ∼= (8.3–10) × 10−5 eV2.
Also, to within the same accuracy, there is a noticeable
connection between the exponents χ and g2, namely
g2 ∼= χ exp(−χ) ∼= 5√2 (me/mµ), i.e., m3/m2 ∼=
exp(10me/mµ), m2/m1 ∼= exp[(10me/mµ)2/
√
2 ].
These approximate coincidences come out into view
at the level of the lepton mass ratio quantities (xn) in a
quasi-degenerate neutrino scenario if considering the
neutrino mass-squared differences in terms of the pri-
mary quantities (xn − 1). The basic physical meaning
of the parameters χ and g2 in the mass ratios (5) and
(1′) is outside the scope of the present Letter.
As an important test to date, the above estima-
tions of the absolute neutrino masses obey the re-
cent cosmological limit mν < 0.23 eV from the
WMAP measurements of cosmic microwave back-
ground anisotropy [10], what is a powerful tool for
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degenerate scenario. With neutrino mass scale (12),
this upper limit on the neutrino mass leads to a restric-
tion,
(24)m2atm/
(
2
√
2m2sol
)1/2
< 0.23 eV.
According to a subsequent more conservative analysis
[11], the restriction is
(25)m2atm/
(
2
√
2m2sol
)1/2
< 0.33 eV.
These restrictions are compatible with the best-fit val-
ues of the atmospheric and solar mass-squared differ-
ences in (15), (16) and (18). With the data range (22)
for the atmospheric mass-squared difference, a sig-
nificant inference from the restriction (24) is that the
LMA MSW solar neutrino oscillation solution is the
only one compatible with the present phenomenology
of the neutrino mass ratios.
3. Conclusions
An analogy between two basic experimental facts
in lepton mass physics—large hierarchy of the CL
mass ratios, and large hierarchy of the atmospheric and
solar neutrino mass-squared differences—is described
by the nonlinear phenomenological equation (3), an
extension of the observed relation (1) for the CL data
mass ratios. Two exponential solutions of Eq. (3), with
large and small exponents, conform respectively to the
mass ratio patterns of the CL and neutrinos, Eqs. (1′)
and (5). Approximate quantitative relations between
these exponents are noted. The main results for the
absolute neutrino masses are:
(1) The special quasi-degenerate neutrino mass pat-
tern (5) and (6) is supported by the neutrino os-
cillation data: (m2atm/m2sol)exp  1. Three ab-
solute neutrino masses are expressed in terms of
two neutrino mass squared differences, as a moti-
vated eigenvalue ansatz for the still unknown ex-
act form of the neutrino mass matrix. The three
eigenvalues of the neutrino mass matrix are given
in (12), (13) and (14);
(2) The neutrino mass scale (12): mν ∼= m2atm/√
(2
√
2m2sol). It is much more sensitive to
the atmospheric neutrino data than to the solarones. By comparison with the available neutrino
oscillation data, this neutrino mass scale is located
likely within the range 0.1–0.3 eV, with the best-fit
value mν ∼= 0.18–0.20 eV;
(3) The estimated neutrino mass scale is compatible
with the recent constraints on the absolute neu-
trino mass from the WMAP data [10,11], with the
LMA MSW solution being the only acceptable so-
lar neutrino oscillation solution.
There are no free parameters in the neutrino mass
scale (12) to adjust. As a physical statement it is
consistent with the relevant neutrino data to date, and
should be confronted with new data. More stringent
bounds on the neutrino mass from the coming satellite
WMAP measurements (or other relevant data) in
combination with more accurate values of m2atm and
m2sol from the neutrino oscillation experiments will
test definitely this neutrino mass scale.
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